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============

We consider *N* chemical species $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S_1,\ldots , S_N$$\end{document}$ with different particle masses moving in a periodic box or in whole space. The interaction with a stationary background with constant temperature *T* triggers first order chemical reactions with reaction rates independent of the velocity of the incoming particle. The velocity of the outgoing particle is sampled from a Maxwellian distribution with parameters taken from the background, i.e. mean velocity zero and temperature *T*. The resulting reaction network is assumed to be connected and weakly reversible, meaning that for each reaction $\documentclass[12pt]{minimal}
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                \begin{document}$$S_i\rightarrow S_j$$\end{document}$ there exists a reaction path $\documentclass[12pt]{minimal}
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                \begin{document}$$S_j \rightarrow \cdots \rightarrow S_i$$\end{document}$.

These assumptions lead to a system of *N* linear kinetic transport equations for the phase space number densities of the reacting species. We shall make the additional assumption that the species can be split into two groups of *light* and *heavy* particles, where the particle masses are of comparable size within each group but strongly disparate between the groups. A corresponding nondimensionalization of the equations, assuming at least one light species, will suggest a simplified model, where the heavy particles do not move. As a result we consider a system of kinetic equations (for the light species) coupled, via the reaction terms, to a system of ordinary differential equations (pointwise in position space, for the heavy species).

The construction of equilibrium solutions is straightforward. In equilibrium, the position densities are constant, and the velocity distributions of the light particles are Maxwellians. The position densities are complex balanced equilibria of the reaction network. Existence and uniqueness for given total mass are standard results of the theory of chemical reaction networks.

Our main results are exponential convergence to equilibrium in the case of the periodic box and algebraic decay to zero in whole space. In both situations the rates and constants are computable. Although general results for Markov processes imply that relative entropies are nonincreasing \[[@CR10]\], the decay result is not obvious, since the entropy dissipation is not coercive relative to the equilibrium. We employ the abstract $\documentclass[12pt]{minimal}
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                \begin{document}$$L^2$$\end{document}$-hypocoercivity method of \[[@CR6], [@CR7]\] and its extension to whole space problems \[[@CR2]\]. The main difficulty is the proof of *microscopic coercivity,* meaning here that the reaction terms without the transport produce exponential convergence to a *local equilibrium,* where the total number density of all species might still depend on position and time. Two alternative proofs are presented. In the first one, relaxation in velocity space is separated from relaxation to chemical equilibrium and known results for the latter \[[@CR8]\] could be used. The second proof extends the proof in \[[@CR8]\] by introducing reaction paths in species-velocity space. For completeness and comparability we fully present both proofs, showing that the second proof never gives a worse result.

The second result is a macroscopic or fast-reaction limit. For length scales large compared to the mean free path between reaction events and for the corresponding diffusion time scales, the system is in local equilibrium and the total number density solves the heat equation.

Systematic approaches to hypocoercivity have been started in \[[@CR15], [@CR18]\], where Lyapunov functions based on modified $\documentclass[12pt]{minimal}
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                \begin{document}$$H^1$$\end{document}$-norms are constructed. More recently, an approach without smoothness assumptions on initial data, motivated by \[[@CR11]\], has been developed in \[[@CR6], [@CR7]\], see \[[@CR5], [@CR14]\] for overviews. Recently the latter approach has been extended to the analysis of algebraic decay rates in whole space problems \[[@CR2]\]. Hypocoercivity for systems of kinetic equations coupled by linearized collision terms has been shown in \[[@CR4]\]. For a nonlinear system modeling a second order pair generation-recombination reaction, both hypocoercivity and the fast reaction limit have been analyzed in \[[@CR17]\].

This work can be seen as an extension of the corresponding result for linear reaction diffusion models \[[@CR8]\], which has recently been extended to general mass action kinetics \[[@CR9]\], bringing the theory for reaction diffusion models close to the best results on the global attractor conjecture \[[@CR13]\] for ODE models without transport \[[@CR3]\].

Many extensions of the present results are desirable. Besides the inclusion of collision effects and of second order reactions, questions of energy and momentum balance pose significant challenges, where a trade-off between mathematical manageability and modeling precision has to be found. One goal is the rigorous justification of the derivation of reaction diffusion systems from kinetic models as an extension of results for linear cases \[[@CR1]\].

Finally, we describe the structure of the rest of this article. In the following section the kinetic model is formulated including a dimensional analysis and the reduction to a system with partially nonmoving species. The formal macroscopic limit is presented and our main results on the long term behavior of solutions and on the rigorous justification of the macroscopic limit are formulated. In Sect. [3](#Sec6){ref-type="sec"} our main technical result on 'microscopic coercivity' is proven, i.e. a spectral gap for the reaction operator. Sections [4](#Sec7){ref-type="sec"} and [5](#Sec10){ref-type="sec"} are concerned with the proofs of our main results on long time behaviour and, respectively, on the rigorous macroscopic limit.

The Model---Main Results {#Sec2}
========================

We denote the chemical species by $\documentclass[12pt]{minimal}
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                \begin{document}$$S_1,\dots ,S_N$$\end{document}$ and the reaction constant for the reaction $\documentclass[12pt]{minimal}
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                \begin{document}$$i,j=1,\ldots ,N$$\end{document}$, where $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{ji}=0$$\end{document}$ means that the reaction does not occur. More completely, also including velocities $\documentclass[12pt]{minimal}
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                \begin{document}$$v\in {\mathbb {R}}^d$$\end{document}$, we assume that the jump $\documentclass[12pt]{minimal}
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                \begin{document}$$(S_i,v) \rightarrow (S_j,v')$$\end{document}$ occurs with rate constant $\documentclass[12pt]{minimal}
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                \begin{document}$$k_{ji}M_j(v')$$\end{document}$, as described above independent of the incoming velocity, where the Maxwellian distribution is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} M_i(v) = \bigg (\frac{2 \pi k_B T}{m_i}\bigg )^{-d/2} \exp \bigg (- \frac{|v|^2 m_i}{2 k_B T} \bigg ) \,, \end{aligned}$$\end{document}$$with the Boltzmann constant $\documentclass[12pt]{minimal}
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                \begin{document}$$k_B$$\end{document}$, the constant given background temperature *T*, and the particle masses $\documentclass[12pt]{minimal}
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                \begin{document}$$m_1\le \cdots \le m_N$$\end{document}$ of the respective species $\documentclass[12pt]{minimal}
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                \begin{document}$$S_1,\ldots ,S_N$$\end{document}$. Actually all our results can be proven with $\documentclass[12pt]{minimal}
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                \begin{document}$$M_1,\ldots ,M_N$$\end{document}$ replaced by arbitrary probability distributions with mean zero and finite fourth order moments.

The phase space number density of species $\documentclass[12pt]{minimal}
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                \begin{document}$$t\ge 0$$\end{document}$ is denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$$f_i(x,v,t)\ge 0$$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$$i=1,\ldots ,N$$\end{document}$, with the position variable *x*. We consider two cases: *Periodic box:*$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in {\mathbb {T}}^d$$\end{document}$, the flat *d*-dimensional torus, represented by the cube $\documentclass[12pt]{minimal}
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                \begin{document}$$x\in {\mathbb {R}}^d$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$f_1,\ldots ,f_N$$\end{document}$ integrable, i.e. a finite total number of particles.In the following, integrations with respect to *x* will be written over $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega = [0,L]^d$$\end{document}$ for the periodic box and $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega = {\mathbb {R}}^d$$\end{document}$ for whole space.

The phase space distributions satisfy the evolution system$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _t f_i + v \cdot \nabla _xf_i = \sum _{j=1}^{N}\big (k_{ij}\rho _j M_i - k_{ji}f_i\big ) \,,\qquad i=1,\ldots ,N\,, \end{aligned}$$\end{document}$$where the left hand side describes free transport and the right hand side the chemical reactions with position densities$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \rho _j(x,t) = \int _{{\mathbb {R}}^d}f_j(x,v,t)\,dv\; \,, \end{aligned}$$\end{document}$$where we will sometimes also use the notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho _{f,j}$$\end{document}$ to avoid ambiguity. We assume that there are $\documentclass[12pt]{minimal}
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                \begin{document}$$N_l\ge 1$$\end{document}$ light species $\documentclass[12pt]{minimal}
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                \begin{document}$$S_{N_l+1},\ldots ,S_N$$\end{document}$. The separation of the two groups is expressed in the assumption$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mu := \frac{m_{N_l}}{m_{N_l+1}} \ll 1 \,. \end{aligned}$$\end{document}$$In a nondimensionalization we introduce as reference velocity the thermal velocity$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} v_{th} := \sqrt{\frac{k_B T}{m_{N_l}}} \end{aligned}$$\end{document}$$of the heaviest light species $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{t}}$$\end{document}$ we choose an average value of $\documentclass[12pt]{minimal}
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                \begin{document}$$i,j = 1,\ldots , N$$\end{document}$. The reference length is given by $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{x}} = {\overline{t}} \,v_{th}$$\end{document}$. After the nondimensionalization$$\documentclass[12pt]{minimal}
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                \begin{document}$$i=1,\ldots ,N_l$$\end{document}$, for the light particles and $\documentclass[12pt]{minimal}
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                \begin{document}$$i=N_l + 1,\ldots ,N$$\end{document}$, for the heavy particles, such that $\documentclass[12pt]{minimal}
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                \begin{document}$$i=N_l + 1,\ldots ,N$$\end{document}$. Therefore, for the rest of this work we shall consider the system$$\documentclass[12pt]{minimal}
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                \begin{document}$$i> N_l$$\end{document}$, and write the system ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}) in the equivalent form$$\documentclass[12pt]{minimal}
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Local and Global Equilibria {#Sec3}
---------------------------

### Definition 1 {#FPar1}
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### Assumption A1 {#FPar2}

The directed graph corresponding to the reaction network is *connected* and *weakly reversible,* which means that for each pair $\documentclass[12pt]{minimal}
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Fig. 1A connected and weakly reversible reaction network. Examples for shortest path lengths: $\documentclass[12pt]{minimal}
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An example is given in Fig. [1](#Fig1){ref-type="fig"}. Note that the path from *j* to *i* is in general not unique. For the following a fixed choice of a path of minimal length $\documentclass[12pt]{minimal}
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### Lemma 2 {#FPar3}

Let Assumption [A1](#FPar2){ref-type="sec"} hold. Then every local equilibrium is of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (x,t)F(v)$$\end{document}$ with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_i(v) = \eta _i M_i(v) \,,\quad i = 1,\ldots ,N \,, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\rho (x,t)$$\end{document}$ is arbitrary and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\eta _1,\ldots ,\eta _N)$$\end{document}$ is the unique solution of$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{j=1}^{N}\big (k_{ij}\eta _j - k_{ji}\eta _i\big ) = 0 \,,\quad i = 1,\ldots ,N \,,\qquad \sum _{i=1}^N \eta _i = 1 \,, \end{aligned}$$\end{document}$$satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _i > 0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\ldots ,N$$\end{document}$.

### Proof {#FPar4}

A first consequence of Assumption [A1](#FPar2){ref-type="sec"} is that for each $\documentclass[12pt]{minimal}
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A *global equilibrium* is a local equilibrium, which is also a steady state solution of ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}) compatible with conservation of total mass. Since at least one equation has a transport term, the function $\documentclass[12pt]{minimal}
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Microscopic Coercivity---Convergence to Equilibrium {#Sec4}
---------------------------------------------------

We write the system ([7](#Equ7){ref-type=""}) in the abstract form$$\documentclass[12pt]{minimal}
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Considering the quadratic relative entropy with respect to the local equilibrium *F* suggests the introduction of the weighted $\documentclass[12pt]{minimal}
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### Lemma 3 {#FPar5}

Let Assumption [A1](#FPar2){ref-type="sec"} hold. Then $\documentclass[12pt]{minimal}
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This lemma is one of the main tools in the proofs of our results on the long time behavior, presented in Sect. [4](#Sec7){ref-type="sec"}:

### Theorem 4 {#FPar6}

Let Assumption [A1](#FPar2){ref-type="sec"} hold and let $\documentclass[12pt]{minimal}
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### Theorem 5 {#FPar7}

Let Assumption [A1](#FPar2){ref-type="sec"} hold and let $\documentclass[12pt]{minimal}
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Macroscopic (Fast Reaction) Limit {#Sec5}
---------------------------------
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In order to translate the abstract result, we first note that$$\documentclass[12pt]{minimal}
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### Theorem 6 {#FPar8}
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Microscopic Coercivity (Proof of Lemma [3](#FPar5){ref-type="sec"}) {#Sec6}
===================================================================

We shall give two different proofs of the coercivity result. Both are inspired by the proof of the corresponding result in \[[@CR8]\]. The first approach is based on a splitting between the species and velocity spaces, where for the former the result of \[[@CR8]\] can be used directly. In the second approach the reaction paths of Assumption [A1](#FPar2){ref-type="sec"} are extended to paths in the larger species-velocity space. In both cases the coercivity constant $\documentclass[12pt]{minimal}
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Hypocoercivity {#Sec7}
==============

Quantitative results on the decay to equilibrium will be shown by employing the hypocoercivity approach of \[[@CR7]\] with modifications introduced in \[[@CR2]\].
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                \begin{document}$$\begin{aligned} \frac{d}{dt} \frac{\Vert f\Vert ^2}{2} = \langle \mathsf {L}f , f \rangle \,, \end{aligned}$$\end{document}$$which is nonpositive as expected, but vanishes on the set of local equilibria, i.e. it lacks the definiteness required for a Lyapunov function.

In \[[@CR7]\] a Lyapunov function, or modified entropy, $\documentclass[12pt]{minimal}
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For solutions *f* of ([13](#Equ13){ref-type=""}), its time derivative is given by$$\documentclass[12pt]{minimal}
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The first term on the right hand side of ([30](#Equ30){ref-type=""}) controls the microscopic part $\documentclass[12pt]{minimal}
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Lemma 7 {#FPar9}
-------
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Proof {#FPar10}
-----
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As a consequence, the first two terms on the right hand side of ([30](#Equ30){ref-type=""}) provide the desired definiteness, since obviously $\documentclass[12pt]{minimal}
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Lemma 9 {#FPar13}
-------
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Collecting the results of Lemmas [3](#FPar5){ref-type="sec"}, [7](#FPar9){ref-type="sec"}, [8](#FPar11){ref-type="sec"}, and [9](#FPar13){ref-type="sec"} , we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt}\mathsf {H}[f] \le -(\lambda _m - \delta )\Vert (1-\Pi )f\Vert ^2 - \delta \langle \mathsf {A}\mathsf {T}\Pi f , f \rangle + \delta (C_1 + C_2)\Vert (1-\Pi )f\Vert \langle \mathsf {A}\mathsf {T}\Pi f , f \rangle ^{1/2} \,. \end{aligned}$$\end{document}$$Thus, for$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \delta < \frac{4\lambda _m}{4+(C_1+C_2)^2} \,, \end{aligned}$$\end{document}$$we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{d}{dt}\mathsf {H}[f] \le - \lambda _\delta (\Vert (1-\Pi )f\Vert ^2 + \langle \mathsf {A}\mathsf {T}\Pi f , f \rangle ) \end{aligned}$$\end{document}$$with$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \lambda _\delta = \frac{1}{2} \left( \lambda _m - \sqrt{\lambda _m^2 - \delta ( 4\lambda _m - 4\delta - \delta (C_1 + C_2)^2)}\right) >0 \,. \end{aligned}$$\end{document}$$This shows that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathsf {H}[f]$$\end{document}$ is a Lyapunov function. It remains to obtain the decay rates.

Exponential Decay on the Torus (Proof of Theorem [4](#FPar6){ref-type="sec"}) {#Sec8}
-----------------------------------------------------------------------------
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Algebraic Decay on the Whole Space (Proof of Theorem [5](#FPar7){ref-type="sec"}) {#Sec9}
---------------------------------------------------------------------------------
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The Rigorous Macroscopic Limit (Proof of Theorem [6](#FPar8){ref-type="sec"}) {#Sec10}
=============================================================================
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